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A new approximation of the Chaplygin function is proposed in this paper, one that is suitable 

at 1 < M < 3, making it possible to find analytical solutions for the equations of supersonic 
gas flow. An explicit form of the Riemann function has been derived for the potential equa- 

tion and the stream function, and the limit transitions to the Tricomi equation or to the 
Euler-Poisson-Darboux equation are examined. 

i. Let us examine the integration of a canonical system of equations for the plane potential super- 

sonic steady-state motion of a gas at velocities in excess of the speed of sound [i, 2]: 

agana~-14 dtCl lnH ( a ~ _ _ t _ ~ )  = 0 ,  

O~OnO%]~ 41 dtd I n H ( 0 ~ _  + ~ ) ,  

(1) 

w h e r e  ~ and ~? a r e  c h a r a c t e r i s t i c  va r i ab l e s ;  t = } + ~; r is the ve loc i ty  potential ;  ,r is  the s t r e a m  funct ion;  
H is the Chaplygin  funct ion.  F o r  a spec i f ied  Chaplygin function H = H(t) the gas dens i ty  p and the gas  v e l o c -  
ity v are determined from the equations 

d o 9~H + 1 
dt V - H  ' (2) 

d v  _ v _  . (3) 
dt p ~JH 

We know that  because  of the c om pl e x  funct ion H = H(t) Eq.  (1) is not e a s i l y  so lved;  a method  has  t he r e fo re  
been  deve loped  fo r  the in tegra t ion  of  these equat ions ,  this method based  on r e p l a c e m e n t  of the va r i ab le  
coef f ic ien t  in (1) by an a pp rox i m a t e  coef f ic ien t  fo r  which we can c o n s t r u c t  a solut ion for  (1) and find all  of 
the p a r a m e t e r s  of  the gas .  The a c c u r a c y  of the app rox ima te  ca lcu la t ions  depends on the c o r r e c t  choice  
of this coef f i c ien t .  F o r  t r anson i c  ve loc i t i e s ,  it is the T r i c o m i  app rox ima t ion  that is m o s t  c o m m o n  [1], i .e . ,  

1 d 1 
- -  - -  i n  H = - -  ( 4 )  
4 dt 6t ' 

and the T r i c o m i  equa t ions  he re  r e p r e s e n t  a spec ia l  ease  of the E u l e r - P o i s s o n - D a r b o u x  equat ion  with 
f r ac t iona l  coe f f i c i en t s .  The solut ions  fo r  (1) in this case  a re  e x p r e s s e d  in t e r m s  of  h y p e r g e o m e t r i c  rune-  
t ions .  H o w e v e r ,  Eq.  (4) with the r e a I  funct ion H is sa t i s f ied  only fo r  sma l l  t (0 < t < 0.05), which c o r r e -  
sponds  to Maeh n u m b e r s  of 1 < M < 1.2. The T r i c o m i  app rox ima t ion  is not sui table  fo r  g r e a t e r  va lues  
of the M a t h  n u m b e r s .  Khr i s t i anov ich  [3] p r o p o s e d  the fol lowing app rox ima t ion :  

! d 1 
- -  - - -  In  H - -  ( 5 )  
4 dt a + t  ' 

whose advantage lies in the fact that (i) are solved in elementary functions which allow us simply to solve 

the boundary-value problems. However, with small t, i.e., in the effective region of approximation (4) 
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F ig .  1. C o m p a r i s o n  of the t rue  func t ion  F(t)  = (1 /4) (d /dr )  In H 
(curve 1 ) w i t h  the v a r i o u s  a p p r o x i m a t i o n s :  2) Fi t )  = 1 .9co th  1.9 
�9 6t; 3) F(t)  = 1 .9co th  1.9(t + 0.5); 4) K h r i s t i a n o v i c h  a p p r o x i m a -  
t ion F (t) = 1 / ( t  + 0.18 5); 4 ' )  K r i s t i a n o v i c h  a p p r o x i m a t i o n  F (t) 
= 1 / ( 1 . 3  - t ) ;  5) T r i c o m i  a p p r o x i m a t i o n  F(t) = 1 / 6 t .  

F ig .  2. C o m p a r i s o n  of the t rue  func t ion  ~H (curve 1) with the 
a p p r o x i m a t i o n s :  ~-H = c 2 s h 2 n / m m ( t  + a), c 2 = 1.65; n = 1.9; m 
= 6n, a = 0; 3) ~H = c2sh2m( t  +a ) ,  c 2 = 0.825; m = 1.9; a = 0.5. 

and ,  on the o the r  hand ,  for  M > 1.8, the va lues  of the coef f ic ien t  in (1), c a l cu l a t ed  f r o m  (5), d i f fer  s u b s t a n -  
t i a l ly  f r o m  the ac tua l  v a l u e s .  A n o t h e r  s e r i e s  of a p p r o x i m a t i o n s  [4-7] has  been  p roposed  for  low s u p e r -  
sonic  v e l o c i t i e s .  

In this  p a p e r  we e x a m i n e  a new a p p r o x i m a t i o n  which in the case  of t r a n s o n i c  flows goes ove r  into 
the T r i c o m i  a p p r o x i m a t i o n  (4), but is su i t ab le  with su f f i c ien t  a c c u r a c y  at  1 < M < 3. 

2. Let  us  choose the coef f ic ien t  in (1) in the f o r m  

1 d 
- -  - -  In H = n cth m (t + a), (6) 
4 dt 

where  n ,  m ,  and a a re  a r b i t r a r y  c o n s t a n t s .  With low va lues  for  t the r i g h t - h a n d  m e m b e r  of (6) can  be e x -  
panded  in s e r i e s  

[ m - ~  m(t+a) m3(t-Fa)8 F - . . ] ,  (7) n eth m ( t +  a) = n a) + 3 45 

f r o m  which we can  see  that for  low v a l u e s  of t Eq .  (6) changes  into the T r i c o m i  a p p r o x i m a t i o n  (4), if we 
choose  m = 6n and a = 0. The c o n s t a n t s  in (6) can  be d e t e r m i n e d  f r o m  the cond i t ion  of co inc idence  be tween  
(6) and the r e a l  func t ion  at  any  po in t s  w h a t s o e v e r .  F i g u r e  1 shows a c o m p a r i s o n  of the v a r i o u s  a p p r o x i -  
m a t i o n s  with the t rue  c u r v e ,  and f r o m  this  we can see  that a p p r o x i m a t i o n  (6) m o r e  a c c u r a t e l y  r e f l e c t s  the 
shape of the t rue  cu rve  than do (4) and (5), and over  a g r e a t e r  i n t e r v a l .  

Re la t i onsh ip  (6) can  be r e g a r d e d  as  an equa t ion  for  the d e t e r m i n a t i o n  of H on the b a s i s  of the s p e c i -  
f ied r i g h t - h a n d  m e m b e r .  I n t eg ra t i on  y ie lds  

,In 

H = c 4 sh " m (t + a), (8) 

where  c r is  the i n t e g r a t i o n  c o n s t a n t  which can be s e l ec t ed  f r o m  the condi t ion  that the r e a l  func t ion  H c o i n -  
c ides  with a p p r o x i m a t i o n  (8). The r e a l  func t ion  H is  c o m p a r e d  with the a p p r o x i m a t i o n s  in F ig .  2. 

3. Let  us  e x a m i n e  the i n t e g r a t i o n  of (1) in the case  of a p p r o x i m a t i o n  (6). In this  case  they a s s u m e  
the f o r m  

O~q~ _-- n cth o + , (9) 
OxOg m 
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_ 0%p n cth(r 4- , (10) 
OxOy m 

w h e r e  m(~ + a) = x,  mr/ = y ,  (~ = x + y .  The so lu t ion  of (9) and (10) wi l l  be souglat by the R i e m a n n  m e t h o d .  
F o r  e x a m p l e ,  l e t  us take  Eq .  (10). The a s s o c i a t e d  equa t i on ,  de f in ing  the R i e m a n n  func t ion  R(x,  y ,  x 0, Y0), 
w i l l  be 

O~R n cth~ OR + OR -b msh~-~ 
OxOy m 

We wi l l  s e e k  so Iu t ion  (11) in the f o r m  of 

( l i )  

ly 

\ m 3  
o 0  

w h e r e  V(x,  y ,  x0, Y0) i s  the new unknown func t ion .  F o r  i t s  d e t e r m i n a t i o n  we d e r i v e  the fo l lowing  e q u a t i o n  
on s u b s t i t u t i o n  of  (12) into (11): 

OxOy m - ~  sh2----ff 

F o r  the i n t e g r a t i o n  of (13), l e t  us  e x a m i n e  two a u x i l i a r y  equa t i ons  

(n)' 
OxOy Vi = 0, (14) 

OW 2 @ ( n n 2 ) V2 = 0 .  (15) 
OxOy m m 2 sh ~ tr 

So lu t ion  (14) i s  e x p r e s s e d  in t e r m s  of  a z e r o t h - o r d e r  B e s s e l  func t ion  of i m a g i n a r y  a r g u m e n t  

Vi(x, Y, xo, Yo)= Io (2 n_n V-(x__Xo)(y_yo) 1" (m) 
\ f r t  J 

E q u a t i o n  (15) can  be t u r n e d  into a h y p e r g e o m e t r i c  equa t i on ,  i f  we s e e k  the s o l u t i o n  fo r  the funct ion  V 2 in the 
f o r m  

Vz (x, y, x o, Yo)= 0 [x (x, y, x o, Yo)], (17) 

sh (x - -  Xo) sh (y - -  Yo) 
= - -  (18) 

sh (x o + Yo) sh (x + y) 

Substituting (17) and (18) into (15), we find the hypergeometric equation 

x(1 .:) d~G + ( l _ 2 x )  dO ( n n 2 )  
dx ~ ~ + --m m 2 G --. O. 

The hypergeometric function F serves as a solution of (19): 

(19) 

Vz = F ( a, b, 1 , -  sh (x -- x~ sh (y --  YO) ) 
sh(x o + y 0 )  s h ( x + y )  ' 

a = - -  ,-T- -1- - m 2  , b = - - - '  - k  - �9 2 ~ m 2 ~ m m ~ 

Olevskii [81 demonstrated that with solutions (16) and (20) for the auxiliary equations (14) and (15) it is 
possible to construct the Riemann function of Eq. (ii) in the form 

(20) 

+ 

[ n 

x - - x  o 

Y--Yo 

(21) 
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The Riemann function of (9) can be found in analogous fashion: 

h n 

R(x, y, x o, Yo)= \ s h a  o t  g -  

x--x  o 

Y--Yo 

a, 7 -  + ' 

1 V I  n.) 
b ' = T •  T -  " 

(22) 

Using the Riemann functions (21) and (22), we can use standard notation to write the gasdynamic 

boundary-value problems of the Cauchy or Goursa type in integral form [9, i0]. 

4. Solution of (9) and (i0), expressed in terms of the Riemann function (21) and (22), are rather 

cumbersome, although they provide for the required asymptotic values corresponding to the solutions in 

the case of the Tricomi approximations, if we choose the following values for the parameters in approxi- 

mation (6): m = 6n and a = 0. Indeed, in this case expansion (7) for small values of t changes into the Tri- 

comi approximation (4). For small values of t the magnitude of the parameter n is insignificant. Its value 

must be chosen on the basis of the condition that approximation (6) coincide with the true curve. The cal- 
culations show that satisfactory approximations are obtained at values of n = 1.9-2.0. It turns out that vary- 

ing the parameters m, n, and a enables us to obtain solutions for the equations in simpler form. Let us 

consider the special case m = n. Function (6) for n = 1.9 and a = 0.5 is shown in Fig. i, curve 3. We see 

from Fig. 1 that the approximation is satisfactory in the Mach-number interval 1.2 < M < 3. In this case 
(13) assumes the form 

aW 
- -  V = O. (23) 

OxOv 

The R i e m a n n  func t ion  of (10) i s  s i m p l e  in th i s  c a s e ,  i . e . ,  

sha  io (2 1/ ( X _ X o ) ( y _ y o ) ) .  R (x, y, x o, Yo)= sh ao 

M o r e o v e r ,  h e r e  we can  e a l e u l a t e  the p a r a m e t e r s  p and v f r o m  (2) and (3). 
+ a) ,  we note  tha t  (2), w r i t t e n  in the f o r m  

do -- - -  p~ c%h 2 m (t + a) 1 
dt c ~ sM m (t + a) ' 

i s  the R i c e a t i  e q u a t i o n .  Wi th  s u b s t i t u t i o n  

(24) 

Considering that H = c4sh4m(t 

(2s) 

c 2 s h ~ m ( t + a )  
(26) 

we b r i n g  (25) to the f o r m  

d z  

dt 
- -  - -  2mz cth m (t + a) = z 2 + 1. (27) 

Wi th  a n o t h e r  s u b s t i t u t i o n  

z = u - - m c t h m ( t  + a) (28) 

we b r i n g  (27) to the c a n o n i c a l  f o r m  of  the R i c c a t i  e q u a t i o n  

d u  
- -  = u 2  + 1 - - m  2 

dt 

2t/l 2 
sh 2 m (t + a)  

whi le  (29) wi th  the s u b s t i t u t i o n  

1 dw 
I t - -  

w dt 

(29) 

(30) 

i s  b rough t  to the s e c o n d - o r d e r  e q u a t i o n  

d%v ( 2rn ) 
~-7 - rn 2 - 1 +  sh 2 r e ( t - + a )  w. 

(31) 
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The solution of (31) is [ii] 

whe  r e  

w = s h o # (  1 d )v 
s h ~  d~ (Cie' + C2e-q~), (32) 

m 2- I 
e = m ( t + a ) ,  q~ , p ( p - - 1 ) ~ - - 2 .  (33) 

m 

F r o m  (33) we s e e  t h a t  p c a n  a s s u m e  two v a l u e s :  p = 2, p = - 1 .  F o r  s p e c i f i c  c a l c u l a t i o n s  we c a n  t ake  the  
s o l u t i o n  w i t h  one of  the  r o o t s .  F u r t h e r ,  w i t h  (32) and  s u b s t i t u t i o n s  (30), (28), and  (26), we c a n  f ind  the g a s  
d e n s i t y  p a s  a f u n c t i o n  of t ,  and  k n o w i n g  p = p (t), w i th  (3) in  q u a d r a t u r e s  we c a n  d e t e r m i n e  v = v( t ) .  B e -  
cause of their cumbersome nature, we will not write these solutions out here. 

5. Finally, let us examine one limiting case in which the coefficient in (i) can be assumed to be con- 

stant. Indeed, we see from Fig. 1 that this is possible in the Mach-number range 1.5 < M < 3, assuming that 

1 d 
- -  - -  In H = const = A. (34) 

4 dt 

The  v a l u e  of  the c o n s t a n t  c a n  be  s e t  w i t h  s u f f i c i e n t  a c c u r a c y  in  the i n t e r v a l  1.9 -<A -< 2 .0 .  T h i s  c a s e  c a n  be  
t r e a t e d  a s  a l i m i t i n g  c a s e  of  (6) f o r  l a r g e  v a l u e s  of the  a r g u m e n t .  U s i n g  a s y m p t o t i c  e x p a n s i o n s  in  the c a s e  
of  l a r g e  v a l u e s  of  the  a r g u m e n t  

e x e x 

Io (x)  - -  s h  x ~ - -  (35)  
x - , ~  ( 2 ~ x )  1 / 2 '  x-,~,  2 '  

we can write the Riemann function (24) in the form 

R (x, g, x o, g o ) ~  exp [(x - -  Xo) + (g - -  go) + 2 1/ A (x - -  Xo) (g - -  9o) ] 
2 V- -~ - ( ] / ( x  - -  xo)(g - -  go) )1/2 

(i0), in case (34), can be written out directly. For example, let us take The Riemann function of (9) and 
Eq. (i0) 

03, = _ A~ ( Or O_~y ) A 
OxOg -~x + ' At = --'m 

R (x, g, xo, go) = exp {A t [(x - -  Xo) (g - -  go)I} l o ( 2 1 / A l  (x - -  Xo) (g - -  Yo) ). 

(36) 

(37) 

(38) 

In (38), taking the asymptotic value of the Bessel function I 0 for large values of the argument, we derive (36). 

Let us now consider the small values of the argument in approximation (6). In this case it is more 
convenient to rewrite the Riemann function (21), i.e., 

R(X, y, Xo, Yo)= \ ~  F a, b, I, -- sh(x o-t-yo) s h ( x n  u9 )  

x - - x  o 

sh(x- -Xo)  Shz 0 z - -  dzl 

Y--go 

Bearing in mind that for low values of the argument 

I o (x) ~ 1, 0 .40 - ~ x  [Ox.o(X) = 0, (40) 

we see that in (39) the second term disappears and the Riemann function is expressed, as in the case of the 
Trieomi equation, in terms of the hypergeometric function. 

NOTA TION 

H 
and  r/ 

t = ~  + 7 ;  

is the velocity potential; 

is the stream function; 

is the Chaplygin function; 

are the characteristic variables; 
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P 
v 
M 
R 

is the gas density; 
is the gas velocity; 
is the Mach number; 
is the Riemann function. 
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